Past parametric tests of demand system rank employed polynomial Engel curve systems. However, by Gorman's (1981) theorem, the maximum possible rank of a utility derived polynomial demand system is three. The present paper proposes a class of demand systems that are utility derived, are close to polynomial, and have rank four. These systems nest rational polynomial demands, and so can be used to test ranks up to four. These systems are suitable for applications where high rank is likely, such as demand systems involving a large number of goods. A test of rank using this new class of systems is applied to UK consumer demand data.
Introduction
The rank of a demand system can be defined as the dimension of the space spanned by its Engel curves. A now famous result by Gorman (1981) is commonly misinterpreted to mean that utility maximization requires demands to have rank three or less. In fact, Gorman only defines rank for the class of exactly aggregable demand systems, and his results only apply to that class. Lewbel (1991) shows that all demand systems (not just exactly aggregable ones) have a rank. Demands that are not exactly aggregable can have rank higher than three, without violating utility maximization.
The present paper proposes a large set of rank four demand systems that are consistent with utility maximization and nest commonly used exactly aggregable demand systems of lower rank as special cases. The Engel curves of these demand systems are then used to test for rank.
Demand rank has many implications for aggregation, separability, empirical modeling, and welfare analyses. The following are some examples (see Lewbel 1991 and 1997 for details) . If utility is homothetically separable into L groups of goods, then the rank of the demand system is a lower bound on L. If a household's utility function is a social welfare function over M homothetic subutility functions, corresponding, e.g., to the utility functions of each member of the household, then rank is also a lower bound on M.
A demand system has rank one if and only if it is homothetic, meaning that all income elasticities equal one. Most conditions required for aggregate demands to resemble those of a representative consumer require either rank one or two. Utility derived demands that are exactly aggregable, meaning demands in the form of equation (2) below, must have rank less than or equal to three. Utility derived deflated income demands, meaning demands in the form of equation (3) below, must have less than or equal to four.
In demand functions over financial assets, the rank of the demand system equals the degree of portfolio separation, for example, in the standard capital asset pricing model, utility is maximized by holding shares in two funds (the market and the riskless asset). Therefore, the types of utility functions that give rise to the CAPM, i.e., utility functions that depend only on the mean and variance of asset returns, have rank two. See Lewbel and Perraudin (1995) .
The models described here are assumed to apply to a single consuming individual or household. In empirical applications, some or all of the functions defined below could be specified to vary by demographic or other consumer characteristics.
Let w be the vector of budget shares of the J goods that a consumer buys, let p be the J vector of prices of the goods, and x be total expenditures (income for short). Any demand system can be written in the form
for some R ≤ J , where for each r = 1, ..., R, f r is a scalar valued function of income and prices and A r ( p) is a J vector valued function of prices. Let A( p) be the J by R matrix having columns A r ( p) for r = 1, . . . , R. Define a demand system to be rational if it is derived from the maximization of a utility function. Generalizing Gorman (1981) , Lewbel (1991) defines the rank M of any demand system to be the maximum rank, over all possible price vectors p, of the matrix A( p). Equivalently, the rank M of any demand system can be defined as the maximum dimension of the function space spanned by the demand system's Engel curves. Lewbel (1991) shows that, for demands derived from utility maximization, the rank M of a demand system will also equal the minimum number of functions θ m ( p) such that the indirect utility function can be written in the form
. This result gives rise to many of the above listed implications of rank, and illustrates how rank provides valuable information for specifying appropriate functional forms for utility functions and their associated demand systems. Gorman (1981) analyzes a special class of demand systems known as exactly aggregable demands. These are demands that can be written in the form
where R is a positve integer, and for each r = 1, ..., R, B r ( p) is a J vector valued function of prices and g r is a scalar valued function of just income (not prices). Let B(P) be the J by R matrix of columns B r ( p). Exactly aggregable demands are useful because, as their name implies, they can be summed across consumers to yield closed form (though not necessarily representative consumer) expressions for aggregate demands. See, e.g., Jorgenson, Lau, and Stoker (1982) . The fact that utility derived demand systems must be homogeneous of degree zero in x and p greatly limits the types of Engel curves that (2) can possess, in particular, the functions g r must either be polynomials (in levels or logs) or trigonometric functions. Gorman's (1981) famous rank theorem is that the maximum possible rank of the matrix B( p) in any rational, exactly aggregable demand system is three. Gorman did not define the concept of rank for demand systems other than those in the exactly aggregable class of equation (2). However, Gorman's theorem implies that, in terms of Lewbel's general definition of rank, utility derived exactly aggregable demands have a maximum rank of three. It is therefore of particular interest for empirical analysis to know if demands have rank greater than three, because if they do then they cannot be exactly aggregated.
Demand systems that are not exactly aggregable, and hence have the form of equation (1) but not (2), can be rational with a rank greater than three. For example, consider deflated income demand systems, which are defined by
where b( p) is a scalar valued function and for each r = 1, ..
., R, C r ( p) is a J vector valued function of prices and h r is a scalar valued function of deflated income x/b( p)
. Lewbel (1989) proposed this class of models to relax the constraints on Engel curves that are imposed by homogeneity in exactly aggregable models. Lewbel (1989) gives a proof that the maximum possible rank of a rational deflated income demand system is not three, but four. Parametric empirical tests of demand system rank include Hausman, Newey, and Powell (1995), Banks, Blundell, and Lewbel (1997) , Lyssioto and Pashardes (1997), and Nicol (2000) . Ignoring the role of demographic characteristics, these parametric rank tests all use models of the log polynomial form
This functional form is used because it nests popular models like the Translog, Almost Ideal, and Quadratic Almost Ideal (QUAIDS) demand systems, and because numerous engel curve and demand system studies confirm that budget shares are well approximated by low order polynomials. See, e.g., Howe, Pollak, and Wales (1979) , Deaton and Muellbauer (1980) , Jorgenson, Lau, and Stoker (1982) , Bierens and Pott-Buter (1987) , Härdle and Jerison (1988) , Atkinson, Gomulka, and Stern (1990) , Lewbel (1991) , Blundell, Pashardes, and Weber (1993) , Hildenbrand (1994) , and Hausman, Newey, and Powell (1995) . Since (4) is a special case of (2), by Gorman's theorem rationality requires the rank of the demand system (4) to be three or less. Therefore, when studies that use polynomials like (4) find that rank four is empirically rejected (against the alternative that the rank is three or less), we do not know if that rejection is caused by rank being really three or less, or if it is caused by the fact that polynomials having rank four must violate rationality.
Nonparametric rank tests are proposed and implemented by Lewbel (1991) , Banks, Blundell, and Lewbel (1997) , and Donald (1997) . These tests also find a rank of three, but in general nonparametric tests have lower power than appropriately specified parametric tests.
The goal of this paper is to construct a demand system that is similar to (4), and indeed nests (4) for R ≤ 3, but can also have rank four without violating rationality. This system is then used to parametrically test the null hypothesis that the rank is three (or less) versus rank four, without imposing irrationality under the rank four alternative.
The proposed class of rank four models are deflated income demand systems. In addition to testing, these systems may prove useful in applications where high rank is known or suspected, e.g., in models involving a large number of diverse goods. For example, Nicol (2000) finds that conditional demands for some demographic groups are rank three, which implies that unconditional demands for those groups are likely to be rank four.
A Nearly Log Polynomial Rational Rank Four Demand System
Consider the class of indirect utility functions given by
where a, b, c, and d are functions of prices. Homogeneity requires that c and d be homogeneous of degree zero and that exp(b) and a be homogeneous of degree one in p. Application of Roy's identity to this utility function yields demands of the form
where
This is a deflated income demand system and its rank is four, provided that no one of the functions a, b, c, or d can be written as a function of the other three. This can be directly checked by examination of equations (6) to (10), or by applying Theorem 1 of Lewbel (1991) to equation (5).
If a( p) = 0 for all p, then A 4 ( p) also equals zero, and equation (6) reduces to the quadratic logarithmic model, which is equation (4) with R = 3. Moreover, applying results in Banks, Blundell, and Lewbel (1997) , all rank three quadratic logarithmic demands have utility functions given by equation (5) with a( p) = 0, so (5) nests all possible rank three quadratic logarithmic demand systems.
The presence of 1/x terms in budget share models is also supported by some empirical work. For example, The model of Howe, Pollak, and Wales (1979) has budget shares that are linear in x and 1/x.
A Rank Four Almost Ideal Demand System
To provide an explicit example of a utility derived rank four system, consider the following definitions, where 1 denotes a J vector of ones, α 0 is a scalar parameter, α, β, δ, and λ are J vectors of parameters, and is a symmetric, J by J matrix of parameters.
(
where α 1 = 1, β 1 = 0, 1 = 01, δ 1 = 1, and λ 1 = 0. This model has budget shares given by equation (6) with
or more simply
In empirical applications with heterogeneous households, one might let the α or δ parameters vary by demographic characteristics of the household. The rank three QUAIDS (Quadratic Almost Ideal) model of Banks, Blundell, and Lewbel (1997) 
Engel Curves
To avoid having to specify functional forms for the price functions in equation (6), rank will be tested directly in a half a dozen different time periods by using Engel curves. Assuming all households in each time period t in a sample face the same prices p t , for each good j = 1, ..., J , equation (6) Where i indexes consuming units (households), A r jt (for r = 1, 2, 3, 4 and j = 1, ..., J ) and a t are scalar constants to be estimated in each time period t, and each e jit is an error term. Given a sample of n t demographically homogeneous households in each time period t, equation (20) for j = 1, ..., J is a system of J equations that can be jointly estimated by maximum likelihood.
The errors e jit are assumed to be jointly normal, independent across households and time periods, but correlated across goods. This model of the errors is what Pollak and Wales (1992) refer to as the "standard stochastic specification" for demand systems. An advantage of normality is that the errors in all equations can be jointly normal while still maintaining the adding up constraint, which requires that J j=1 e jit = 0. A disadvantage of normality is that it is formally inconsistent with budget shares bounded between zero and one, though this is generally not a problem unless actual budget shares are close to zero or one. Moreover, the estimator remains consistent even without normality, because it is equivalent to a weighted nonlinear least squares. A similar objection can be raised against the polynomial specification of budget shares in equation (20), since for extreme values of income polynomials will also go outside unit simplex. The restriction that budget shares sum to one is imposed by dropping the J = 5 equation from the system, and just estimating the other four equations jointly using maximum likelihood. Joint normality of the errors ensures that the resulting estimates will not depend on which equation is dropped. See Lewbel (1997) for a survey on related issues regarding estimation of demand systems.
Test Results
The data set is the same one used by Banks, Blundell, and Lewbel (1997) to estimate the integrable Quadratic Almost Ideal Demand System (QUAIDS), a quadratic logarithmic rank three functional form. These data are a demographically homogeneous subsample (married couples without children living in London and the southeast) of the UK Family Expenditure Survey.
Here x it is total expenditures on nondurables, in hundreds of british pounds per week. Nondurable expenditures are divided into J = 5 groups: j = 1 is food, 2 is fuel, 3 is clothing, 4 is alcohol, and 5 is other. Nondurable expenditures are assumed to be separable from other components of utility (such as durables and leisure). Only the demands generated by a subutility function over these five components of nondurables are estimated, and hence only the rank of this subsystem is tested. The rank of a subutility function is a lower bound on the rank of the entire utility function.
Using both parametric and nonparametric tests, Banks, Blundell, and Lewbel (1997) empirically show that quadratic logarithmic utility appears to be the best rank three functional form for modeling demands. Estimation of equation (20) will in general yield a rank four system, that, unlike a cubic in ln(x), need not violate rationality. Testing whether a t = 0 and A 4 jt = 0 for j = 1, 2, 3, 4 then provides a test of the rank three quadratic logarithmic system against a potentially rational rank four alternative. The 95% critical value for a χ 2 5 statistic is 11.07. One pair of years, 1976−77, rejects rank three in favor of rank four at this significance level, and 1980 − 81 comes close to rejecting, while all other pairs fail to reject. Since households are assumed to be independent, we can construct a joint test of the hypothesis that a t = 0 and A 4 jt = 0 in all years by combining the above statistics. The result, which has a χ 2 40 distribution under the null, equals 50.49. The 95% critical value for this statistic is 55.76, while the 90% value is 51.81. So we formally fail to reject rank three, though the p-value is not far below the 90%. level. Banks, Blundell, and Lewbel (1997) provide some graphs of nonparametrically estimated engel curves from these data. These graphs look very close to quadratic in ln(x), consistent with rank three. To further investigate the differences between rank three and rank four estimates, results are reported below in detail for two sample time periods; 1974-75 and 1976-77 . These years have, respectively, the lowest and highest chi-squared statistics in Table 1. Table 2 provides data means, Table 3 presents coefficient estimates (with standard errors in parentheses) and Table 4 gives income elasticities implied by the models with these data. 1974-75 .323 .064 .086 .051 .410 1976-77 .310 .068 .079 .058 .587 As can be seen in Table 3 , none of the A 4 jt and a t parameters required for rank four have significant t-statistics at the 95% level. Even in 1976 − 77, the difference in overall fit between rank three and rank four is minimal, e.g., the simple R 2 statistics for the four equations from the quadratic logarithmic model in that period are .33, .20, .04, and .02, while the corresponding R 2 statistics for the rank four specification are .34, .21, .06, and .02. Although the change from rank three to four is only marginally significant statistically, in some cases the behavioral implications of the two models differ. This can be seen in Table 4 , which provides estimated elasticities at the means and in the tails (the first and last x decile) of the data. In particular, the rank four model in 1976-77 has what may be implausibly large variations in income responses to food and clothing, which could provide evidence of overfitting.
Conclusions
This study proposes a rank four demand system that is consistent with utility maximization and nests the popular log linear and log quadratic specifications. In contrast, previous parametric studies test rank four using a cubic in log income, which is inappropriate because a rank four cubic cannot be consistent with utility maximization. Empirical estimates of this system's Engel curves generally confirm the results found in previous studies that demands appear to be rank three, although there is some evidence for the possibility of rank four. Apart from testing, this new functional form may prove useful for estimation in contexts where demands of high rank are suspected, such as systems having a large number of diverse goods.
Appendix
The models were estimated assuming normal errors using a concentrated likelihood function, coded in the maxlik procedure in Gauss. In the rank four model the term ln(x − a) is undefined if a exceeds the minimum value of x. To prevent numerical problems in the optimization procedures, the variable x is scaled to lie between zero and one (by defining its units as hundreds of UK pounds per week), the function ln(x −a) was recoded as 10 −10 when a > x, and the penalty function [1 + a − .9 min(x)] 100 was subtracted from the likelihood function. In every case the parameter a converged to a value sufficiently smaller than x so as to make this penalty equal zero to four decimal places.
